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We study the three-body problem of two ultracold identical bosonic atoms (denoted by B) and one
extra atom (denoted by X), where the scattering length aBX between each bosonic atom and atom
X is resonantly large and positive. We calculate the scattering length aad between one bosonic atom
and the shallow dimer formed by the other bosonic atom and atom X, and investigate the effect
induced by the interaction between the two bosonic atoms. We find that even if this interaction is
weak (i.e., the corresponding scattering length aBB is of the same order of the van der Waals length
rvdW or even smaller), it can still induce a significant effect for the atom–dimer scattering length
aad. Explicitly, an atom–dimer scattering resonance can always occur when the value of aBB varies
in the region with |aBB | . rvdW. As a result, both the sign and the absolute value of aad, as well
as the behavior of the aad-aBX function, depends sensitively on the exact value of aBB . Our results
show that, for a good quantitative theory, the intra-species interaction is required to be taken into
account for this heteronuclear system, even if this interaction is weak.
I. INTRODUCTION
The scattering problem between a shallow dimer and
a single atom is important for both few-body and many-
body physics of ultracold atom gases. For few-body
physics, the atom–dimer scattering is closely related to
the Efimov effect [1–4], ultracold chemistry processes [5],
and three-body loss [6]. For many-body problems, the
atom–dimer scattering length determines the interaction
energy in the mixture of ultracold atoms and shallow
dimers [7, 8]. Therefore, the atom–dimer scattering prob-
lem has been investigated recently for various types of
ultracold gases. In Table I, we list all the references we
have found for the calculation of the scattering length
between an atom and a shallow dimer in ultracold gases.
In our study, we calculated the scattering length aad
between a bosonic atom of type B and a shallow dimer
formed by an identical bosonic atom, also of type B,
and one distinguishable atom (denoted by X); see Fig. 1.
This system can be experimentally realized in the ul-
tracold gases of the 23Na−40K mixture [5], 85Rb−7Li
mixture [20], 87Rb−41K mixture [21], 87Rb−40K mixture
[22–24], 87Rb−87Sr/88Sr mixture [25], and 133Cs−6Li
mixture [28–32]. For this system, the intensities of the
interaction between the two bosonic atoms and the in-
teraction between the bosonic atom and the atom X are
described by the corresponding scattering lengths aBB
and aBX , respectively. Furthermore, aBX is positive and
much larger than the range of the interaction, i.e., the
van der Waals length rvdW. For the case with aBB = 0,
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M. A. Efremov et. al.,[3] and K. Helfrich et. al., [4] have
calculated the atom–dimer scattering length using the
Born–Oppenheimer approximation and exact numerical
calculation, respectively. Nevertheless, in most realis-
tic systems, aBB is non-zero. In 2016, Acharya, Ji, and
Platter treated the boson–boson interaction as a pertur-
bation and derived a formal solution for the atom–dimer
Type Reference
B −BB V. Efimov, 1979 [9]
P. F. Bedaque et al., 1999 [10]
D. S. Petrov, 2004 [11]
F − FX G. V. Skorniakov et al., 1957 [34]
D. S. Petrov, 2003 [12]
D. S. Petrov et al, 2005 [13]
J. Levinsen et al, 2009 [14]; 2011 [15]
M. Iskin, 2010 [16]
F. Alzetto et al, 2010 [17]; 2012 [18]
S. Bour et al, 2012 [19]
B −BX M. A. Efremov et al, 2009 [3]
K. Helfrich et al, 2010 [4]
B. Acharya et al, 2016 [33]
X − Y Z X. Cui, 2014 [7]
R. Zhang et al, 2014 [8]
TABLE I: References on the calculation of scattering length
between an ultracold atom and a shallow dimer. Here B and
F denote identical bosonic and fermonic atoms, respectively,
and X, Y , and Z denote distinguishable atoms. For instance,
“B −BB” is the scattering between one bosonic atom and a
dimer formed by two identical bosonic atoms (i.e., all the three
atoms are identical); “F −FX” is the scattering between one
fermonic atom and a dimer formed by one identical fermonic
atom and a distinguishable atom.
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FIG. 1: (color online) Schematic of the three-body system.
We consider two bosonic atoms of type B and one extra atom
X, and assume the scattering length aBX is positive and much
larger than the van der Waals length. We calculate the scat-
tering length aad between one bosonic atom and the shallow
dimer formed by atom X and the other bosonic atom, and
investigate the effect induced by the scattering length aBB
between the bosonic atoms.
scattering amplitude [33]. However, to the best of our
knowledge, a quantitative numerical calculation for the
atom–dimer scattering length aad for finite aBB is still
absent.
In this work, we give such a calculation via the
Skorniakov–Ter–Martirosian (STM) equation [34] ap-
proach, and investigate the effect of finite aBB on aad.
We focus on systems with weak boson–boson interaction,
i.e., |aBB | is of the same order of rvdW or even smaller.
This appears also the scenario in most of the current
experiments. It has been shown that this boson–boson
interaction modifies the spectrum of three-body bound
state and Bose polaron for the systems with aBX < 0
[30–32]. In this work, we find that, although the boson–
boson interaction is weak, it can still induce a significant
effect for atom–dimer scattering. Explicitly, we find that
aad changes resonantly with aBB , even in the small region
|aBB | . rvdW. Furthermore, this atom–dimer resonance,
which is induced by the variation of aBB , can always
occur for various values of aBX , and therefore is a uni-
versal feature of this system. This resonance effect not
only influences the value of aad, but also modifies the be-
havior of the aad-aBX function. In particular, when aBB
is varied in the region |aBB | . rvdW, the position of the
resonance points of the aad-aBX function can be changed
by several orders of magnitudes. Our results show that
even if the boson–boson interaction is weak in our sys-
tem, it still needs to be taken into account in theoretical
treatments.
The remainder of this paper is organized as follows. In
Sec. II, we describe our theoretical model and the STM
equation. In Sec. III, we present our results regarding
aad and analyze the results induced by the finite value of
aBB . A summary and discussion are given in Sec. IV. In
the appendix we present details of the derivation of the
STM equation.
II. STM EQUATION
We consider the three-body system with two identical
bosonic atoms and one distinguishable atom X, with the
inter-species scattering length aBX being large and pos-
itive (Fig. 1). In consequence, atom X and one of the
bosonic atoms may form a shallow dimer with energy
Eb = − ~
2
2µBXa2BX
, (1)
where µBX = mBmX/(mB + mX) is the reduced mass
of one bosonic atom and atom X, with mB and mX
being their respective masses. We calculate the scatter-
ing length aad between the shallow dimer and the other
bosonic atom via the STM equation approach [34]. In our
calculation, we describe the boson–boson interaction and
the boson–X interaction with zero-range Huang–Yang
pseudo-potentials VBB and VBX , respectively. They are
given by
VBB =
2pi~2aBB
µBB
δ(rBB)
∂
∂rBB
(rBB ·); (2)
VBX =
2pi~2aBX
µBX
δ(rBX)
∂
∂rBX
(rBX ·), (3)
with µj and rj (j = BB,BX) being the corresponding
two-body reduced mass and relative position. Using this
model, we can derive by a direct calculation (Appendix
A) the STM equation for our system (~ = mB = 1):
21/2µ
1/2
BXA(K, ε)(
K2
2mad
+ |Eb| − iε
)
1/2 + |Eb|1/2
− mX/mB + 1
2piK
∫ Λeiζ
0
dK ′
K ′A (K ′, ε)
K′2
2mad
− iε ln
(
K′2+K2
2µBX
+ K
′K
M + |Eb| − iε
K′2+K2
2µBX
− K′KM + |Eb| − iε
)
−2
3/2pi1/2mad
√
aBX
K
∫ Λeiζ
0
dK ′K ′η (K ′, ε) ln
(
K′2
2µBX
+K2 +K ′K + |Eb| − iε
K′2
2µBX
+K2 −K ′K + |Eb| − iε
)
= − mad
µBX
(
K2
2µBX
+ |Eb| − iε
) + iε√ pi
2aBX
1
[−|Eb|µBX + iεµBX − |K|2/2](|K|2 + |Eb|) ; (4)
3− 1
2pimadK
∫ Λeiζ
0
dK ′
K ′A (K ′, ε)
K′2
2mad
− iε ln
(
K ′2 +K ′K + K
2
2µBX
+ |Eb| − iε
K ′2 −K ′K + K22µBX + |Eb| − iε
)
+ 21/2pi3/2µBX
√
aBX
[(
K2
4µBXmad
+ |Eb| − iε
)
1/2 − a−1BB
]
η(K, ε) = − 1
K2
2µBX
+ |Eb| − iε
,
(5)
with mad = (mX/mB+1)/(mX/mB+2) being the value
of the atom–dimer reduced mass in our natural unit. As
shown in Appendix A, the atom–dimer scattering length
aad is related to the solution {A(K, ), η(K, )} of the
STM equation via the relation
aad = lim
→0+
A(K = 0, ). (6)
In the STM equations (4) and (5), the momentum cut-
off Λeiζ is introduced to regularize the integration. This
parameter describes the physics when all three atoms are
close to each other. The exact value of Λ and ζ is de-
termined by the short-range detail of the two-atom in-
teraction. It is known that 1/Λ is usually of the order
of the van der Waals length rvdW whereas the phase an-
gle ζ, which describes the three-body recombination pro-
cess, is usually very small. Thus, for our system, we
have aBX  1/Λ. In this study, we consider systems
with aBX > 30/Λ. Furthermore, we also assume that
aBB is comparable or smaller than rvdW, which implies
|aBB |Λ . 1. Therefore, we consider the instance with
aBB ∈ [−3/Λ,+3/Λ].
In our problem, the atom–dimer scattering length aad
has a small imaginary part when ζ 6= 0 or aBB > 0. In
the former case, Im[aad] is induced by three-body recom-
bination processes. In the latter case, for our model, the
two bosonic atoms can form a deep bound state with en-
ergy −1/a2BB , and the atoms may decay to this deep
bound state after atom–dimer scattering. This decay
process can also induce a non-zero value for Im[aad]. In
the following, we focus on the behavior of the real part
of aad, which describes the intensity of the atom–dimer
interaction. As shown below, our results are insensitive
to the value of ζ.
III. aBB-INDUCED EFFECT FOR aad
We numerically solve the STM equations (4, 5) and
derive the atom–dimer scattering length aad via the re-
lation (6). In this section, we show our results and in-
vestigate the effect of the finite aBB on aad. Here we
consider the systems with mass ratio mB : mX = 23 : 40,
1 : 1, and 87 : 40 (corresponding to the 23Na−40K mix-
ture, 87Rb−87Sr mixture, and 87Rb−40K mixture, re-
spectively). In the following, we first investigate the de-
pendence of aad on aBB , in instances with fixed aBX ,
and then study the influence of aBB on the behavior of
the aad-aBX function.
A. Relationship between aad and aBB
As shown above, in our system with |aBB |  aBX , the
boson–boson interaction VBB is much weaker than the
inter-species interaction VBX . Nevertheless, our results
show that the variation of aBB significantly modifies the
atom–dimer scattering length aad.
In Fig. 2, we plot Re[aad] as a function of aBB , for cases
with different mass ratio mB/mX and different inter-
species scattering length aBX . For each case, we illus-
trate the results for ζ = 0 and ζ = 0.1, with ζ being the
phase of the momentum cut-off, as defined above. The
variation of aBB in the small region aBB ∈ [−3/Λ,+3/Λ]
clearly always induces a resonance of the atom–dimer
scattering. In addition, when ζ = 0, if the resonance
appears for aBB < 0, then Re[aad] diverges at the reso-
nance point. Nevertheless, Re[aad] no longer diverges for
all cases with aBB > 0 or ζ 6= 0, even at the resonance
point. This is due to the presence of inelastic processes,
i.e., three-body recombinations or inelastic scatterings to
the deep bound state formed by the two bosons. For
all these cases, we define the resonance of Re[aad] as
the centroid of the positions of the positive and nega-
tive maximum values of Re[aad]. As shown in Fig. 2, the
resonance-point positions, as well as other behaviors of
Re[aad], are quite similar for ζ = 0 and ζ = 0.1.
This result is further confirmed by Fig. 3, where we plot
the resonance position of the Re[aad]–aBB curve (i.e., the
value of aBB for which resonance can occur) for various
values of aBX . This figure shows that the atom–dimer
scattering resonances always occurs when aBB ranges
within the region |aBB | . 1/Λ. Therefore, the resonances
induced by the variation of the small boson–boson scat-
tering length is a universal feature of the atom–dimer
scattering in this system.
Because of this resonance effect, the atom–dimer scat-
tering length aad depends sensitively on the value of aBB .
A slight variation of aBB may significantly change the
value of aad. Thus, although the boson–boson interac-
tion is weak, it cannot be simply ignored in a quantitative
calculation.
We may understand the “aBB-induced” atom–dimer
resonance with the following physical picture. In our sys-
tem, there is a series of three-body bound states, i.e., the
Efimov bound states. An atom–dimer resonance appears
when the energy E
(3−body)
bound of the three-body bound state
in consonance with the energy of the dimer, i.e.,
E
(3−body)
bound = Eb. (7)
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FIG. 2: (color online) Re[aad]/aBX as a function of aBB for mB : mX = 23 : 40 (a, b), 1 : 1 (c, d), and 87 : 40 (e, f), with
ζ = 0 and ζ = 0.1. For each case, we show the results for aBX = 100/Λ (black solid line), 300/Λ (blue dotted line), 3000/Λ
(red dashed line) and 10000/Λ (magenta dashed-dotted line).
Furthermore, the energy of the three-body bound states
depends on the exact value of aBB . Therefore, the results
displayed in Figs. 2 and 3 implies that the variation of
aBB in the small region with |aBB | . 1/Λ always shifts
the energy of one three-body bound state to ensure the
condition (7) is satisfied.
B. Relationship between aad and aBX
Now we consider the relationship between the atom–
dimer scattering length aad and the scattering length
aBX between the bosonic atom and atom X. For aBB =
0, K. Helfrich et. al. [4] showed that the ratio between
aad and aBX satisfies Efimov’s radial law [9]
aad
aBX
= C1 + C2 cot [s0 ln (aBXΛ) + φ] . (8)
Here C1, C2, s0, and φ are functions of the mass ratio
mB/mX , and are independent of the values of aBX and
Λ. As a result, the atom–dimer scattering resonances
appear when
aBX =
e
(npi−φ)
s0
Λ
(n = 0,±1,±2, ...). (9)
Now we consider systems with non-zero aBB . In Fig. 4,
we plot Re[aad] as a function of aBX with fixed aBB .
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FIG. 3: (color online) Resonance position a∗BB of the Re[aad]-
aBB function (i.e., a
∗
BB is the value of aBB for which a res-
onance occurs) for various values of aBX . Here we show the
results for ζ = 0 with mB : mX = 23 : 40 (black solid line),
1 : 1 (blue dotted line) and 87 : 40 (red dashed line).
Here we show the results for mB = mX as a instance.
When aBB is finite, the atom–dimer scattering resonance
clearly still occurs. Nevertheless, the variance of aBB
in the small region with |aBB | . 1 shifts the resonance
points by several orders of magnitudes. For instance,
when aBB changes from −3/Λ to 0 and then to +1/Λ,
one resonance point is shifted from a point where aBX <
102/Λ to aBX ≈ 103/Λ and then to aBX ≈ 104/Λ.
To further confirm this shift in atom–dimer resonance
point, in Fig. 5, we plot the resonance position of the
Re[aad]-aBX curve (i.e., the value of aBX for which
resonance occurs) for instances with mB = mX and
aBB ∈ [−3/Λ,+3/Λ]. Indeed, this figure may be ob-
tained by exchanging the vertical and perpendicular co-
ordinates of Fig. 3. In Fig. 5, when aBB varies in the
small region, the resonance points of the Re[aad]-aBX
function always shifts by about two orders of magnitudes.
For mB : mX = 23 : 40 and 87 : 40, we have quite similar
results.
The above results show that, due to the “aBB-induced”
resonance effect discussed in the above subsection, the
Re[aad]-aBX function has a sensitive dependence on the
boson–boson scattering length aBB . To evaluate just the
order of magnitude of the resonance point of this func-
tion, one still requires to take into account the precise
value of aBB .
IV. SUMMARY AND DISCUSSION
We calculated the scattering length aad between an
ultracold bosonic atom and a shallow dimer formed by an
identical bosonic atom and another distinguishable atom,
and investigated the influence of the weak intra-species
interaction between the two bosonic atoms on the atom–
dimer scattering. We found that aad resonantly changes
with the boson–boson scattering length aBB , even in the
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FIG. 4: (color online) Ratio aad/aBX as a function of aBXΛ
for instances ζ = 0, mB = mX , and aBBΛ = −3 (red dashed
line), -0.3 (blue dotted line), 0 (black solid line), 1 ((magenta
dashed-dotted line).
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FIG. 5: Resonance position of the Re[aad]-aBX function (i.e.,
values of aBX for which resonance occurs) for various values
of aBX . Here we show the results for ζ = 0 and mB = mX .
region where aBB is as small as the van der Waals length.
As a result, a slight variation in aBB modifies the sign
and the absolute value of aad, as well as the relationship
between aad and the large inter-species scattering length
aBX . Our results show that although the intra-species
interaction is weak, it still needs to be taken into account
in the relevant quantitative theories for this ultra-cold
heteronuclear mixture system.
Note that our qualitative result is also applicable to
systems with three distinguishable atoms 1,2,3, where
masses mi of atoms i (i = 1, 2, 3) and scattering lengths
aij (i, j = 1, 2, 3) between atoms i and j satisfy m1 = m2,
a23 = a31  rvdW, and |a12| . rvdW. For this sys-
tem, as discussed in Appendix A, there can be both
elastic and inelastic scattering between atom 1 and the
shallow dimer formed by 2 and 3. After inelastic scat-
tering, atoms 1 and 3 form a shallow dimer and atom
2 becomes free. Furthermore, the scattering lengths
a
(e)
ad and a
(i)
ad for elastic and inelastic scattering satisfy
6a
(e,i)
ad = (a
(B)
ad ±a(F )ad )/2, with a(B)ad (a(F )ad ) being the atom–
dimer scattering length for instances when 1 and 2 are
identical bosons (fermions). Specifically, a
(B)
ad is the scat-
tering length calculated in the above sections. As shown
above, a
(B)
ad resonantly changes with a12, even if |a12| is
very small. Alternatively, it was shown that a
(F )
ad = ξa23,
with ξ being a finite constant determined by m1/m3 [12].
Therefore, our calculation in the foregoing sections im-
plies that a weak interaction between atoms 1 and 2 in-
duces a significant effect for both elastic and inelastic
scattering lengths a
(e)
ad and a
(i)
ad.
Acknowledgments
We thank Shizhong Zhang, Hui Zhai, and Ren Zhang
for helpful discussions and important suggestions. This
work has been supported by the Natural Science Founda-
tion of China under Grant Nos. 11434011, 11674393, and
11604300, and by NKBRSF of China under Grant No.
2012CB922104, the Fundamental Research Funds for the
Central Universities, and the Research Funds of Renmin
University of China under Grant No. 16XNLQ03.
Appendix A: STM-Equations
In this Appendix, we derive the STM equations for the calculation of the atom–dimer scattering length aad, i.e.,
Eqs. (4, 5) and Eq. (6) in the main text. Here we use the approach in our previous work, given in the appendix of
Ref. [8]. We label the two bosonic atoms as 1 and 2, and the distinguishable atom X as 3, and model the binary
interaction Vij (i, j = 1, 2, 3) using the Huang–Yang pseudo potential
V =
2piaij
µij
δ (rij)
∂
∂|rij | (|rij |·) , (A1)
where rij (i, j = 1, 2, 3) is the relative position of the atoms i and j with a12 = aBB and a23 = a31 = aBX , and
µij = mimj/(mi +mj) is the reduced mass of atoms i and j, with mj being the mass of atom j. Here we use natural
units with ~ = mB = 1, and thus we have m1 = m2 = 1 and m3 = M ≡ mX/mB .
In the following, we first ignore the Bose statistics of atoms 1 and 2, and calculate the atom–dimer scattering length
for the three distinguishable particles. We then take into account the identity of the two bosonic atoms and derive
aad for the system studied in the main text.
1. Three distinguishable atoms
We first assume all three atoms to be distinguishable particles, and study the threshold scattering between atom
1 and the shallow dimer formed by atoms 2 and 3. Since we have a23 = a31 = aBX , in this scattering process
there are two possible output states, which are degenerate, i.e., the state where atom 1 is free while 2 and 3 form
a shallow dimer, and the state where atom 2 is free while 1 and 3 form a shallow dimer. The amplitude for the
collision with these two output states is described by the elastic scattering length a
(e)
ad and inelastic scattering length
a
(i)
ad, respectively. The corresponding atom–dimer scattering length is defined as (~ = 1)
a
(e)
ad = 4pi
2mad〈Ψ(1)0 |V (1)|Ψ〉;
a
(i)
ad = 4pi
2mad〈Ψ(2)0 |V (2)|Ψ〉, (A2)
where mad = m1(m2 +m3)/(m1 +m2 +m3) is the atom–dimer reduced mass, V
(1) = V12 +V31 and V
(2) = V23 +V12.
Here |Ψ(1)0 〉 and |Ψ(2)0 〉 are the two output states given by
|Ψ(1)0 〉 = |K = 0〉1−23|φb〉23; (A3)
|Ψ(2)0 〉 = |K = 0〉2−31|φb〉31, (A4)
with |K〉i−jk being the eigen-state of the relative momentum of atom i and the center-of-mass of atoms j and k, and
|φb〉jk the shallow bound states of atoms j and k. Note that |Ψ(1)0 〉 is also the incident state of our scattering process.
In Eq. (A2), |Ψ〉 is the atom–dimer scattering state corresponding to the incident state |Ψ(1)0 〉, and is given by [35]
|Ψ〉 = lim
ε→0+
iε
E + iε−H |Ψ
(1)
0 〉 ≡ lim
ε→0+
|Ψ(ε)〉, (A5)
7where E = −1/(2µ23a223) is the scattering energy, and H = T+V12+V13+V23 the total Hamiltonian for our three-body
problem with T being the total kinetic energy of the relative motion of the three atoms.
Similar as in Ref. [8], to calculate a
(e)
ad and a
(i)
ad, we introduce here three functions
η(1)(K, ε) =
2pia23
µ23
[
∂|r||r| · 23〈r|1−23〈K|Ψ(ε)〉
]
r=0
; (A6)
η(2)(K, ε) =
2pia31
µ31
[
∂|r||r| · 31〈r|2−31〈K|Ψ(ε)〉
]
r=0
; (A7)
η(3)(K, ε) =
2pia12
µ12
[
∂|r||r| · 12〈r|3−12〈K|Ψ(ε)〉
]
r=0
, (A8)
where |r〉ij (i, j = 1, 2, 3) is the eigen-state of the relative position of atoms i and j. Clearly, we have
ij〈r|k−ij〈K|Vij |Ψ(ε)〉 = δ(r)η(k)(K, ε), (A9)
with (i, j, k) = (1, 2, 3), (2, 3, 1) or (3, 1, 2). We can further define two auxiliary functions A(e)(K, ε) and A(i)(K, ε)
via
η(1)(K, ε) = −
√
2pi
µ23
√
a23
[
δ(K) +
A(e)(K, ε)
2pi2 (2iεµ1−23 − |K|2)
]
; (A10)
η(2)(K, ε) = − A
(i)(K, ε)√
2pi
3
2µ31
√
a31 (2iεµ2−31 − |K|2)
. (A11)
Using the approach in the appendix of Ref. [8], we can directly prove that A(e)(K, ε) and A(i)(K, ε) are related to
a
(e)
ad and a
(i)
ad via
a
(e)
ad = lim
ε→0+
A(e)(K = 0, ε); (A12)
a
(i)
ad = lim
ε→0+
A(i)(K = 0, ε). (A13)
Now we derive the equations of the functions A(e)(K, ε), A(i)(K, ε) and η(3)(K, ε). We first note that Eq. (A5)
leads to the result
|Ψ(ε)〉 = iεG0(ε)|Ψ(1)0 〉+G0(ε)[V12 + V23 + V13]|Ψ〉, (A14)
with G0(ε) = 1/[E+iε−T ]. As shown in the appendix of Ref. [8], using this result we can directly obtain the equations
for η(i)(K, ε) (i = 1, 2, 3). Substituting Eqs. (A12, A13) into these equations and using a12 = aBB , a23 = a31 = aBX ,
m1 = m2 = 1, and m3 = M , we obtain
− A
(e)(K, ε)√
2aBXµBXpi
3
2 (2iεmad − |K|2)
=
aBX
4µBXpi2
∫
dK˜
η(3)(K˜, ε)[
E + iε− M˜ |K˜|2 − |K+ 12K˜|2
] − √aBX√
µBXpi
3
2
√
|K|2
2mad
− E − iε A
(e)(K, ε)
[2iεmad − |K|2]
−
√
aBX
4
√
2pi
7
2µ2BX
∫
dK˜
A(i)(K˜, ε)[
E + iε− 12mad |K˜|2 − 12µBX |K+ 1M+1K˜|2
] [
2iεmad − |K˜|2
]
+iε
√
1
2pi3aBX
1
[EµBX + iεµBX − |K|2/2](|K|2 + 1a2BX )
; (A15)
8− A
(i)(K, ε)√
2aBXµBXpi
3
2 (2iεmad − |K|2)
=
aBX
4µBXpi2
∫
dK˜
η(3)(K˜, ε)[
E + iε− M˜ |K˜|2 − |K+ 12K˜|2
] − √aBX√
µBXpi
3
2
√
|K|2
2mad
− E − iε A
(i)(K, ε)
[2iεmad − |K|2]
−
√
aBX
4
√
2pi
7
2µ2BX
∫
dK˜
A(e)(K˜, ε)[
E + iε− 12mad |K˜|2 − 12µBX |K+ 1M+1K˜|2
] [
2iεmad − |K˜|2
]
−
√
aBX
2
√
2µ2BXpi
3
2
[
E + iε− 14µBX |K|2
] + iε√ 1
2pi3aBX
1
[EµBX + iεµBX − |K|2/2](|K|2 + 1a2BX )
; (A16)
and
η(3)(K, ε) = − aBB
2
√
2pi
7
2
√
aBXµBX
∫
dK˜
A(e)(K˜, ε) +A(i)(K˜, ε)[
E + iε− 12mad |K˜|2 − 12µBX |K+ MM+1K˜|2
] [
2iεmad − |K˜|2
]
− aBB√
2pi
3
2
√
aBXµBX
[
E + iε− 12µBX |K|2
] + aBB√M˜ |K˜|2 − E − iεη(3)(K, ε). (A17)
with M˜ = (M + 2)/4M and µBX = M/(M + 1). Recall that in our current natural units, we have mad = (M +
1)/(M + 2).
2. Two identical bosonic atoms and one extra atom
Now we consider the system studied in the main text, where atoms 1 and 2 are identical bosons. As a result of
the bosonic statistics, the incident state of the atom–dimer threshold scattering length is symmetric |Φ〉 ≡ (|Ψ(1)0 〉+
|Ψ(2)0 〉)/
√
2, with |Ψ(1,2)0 〉, being defined in the above subsection. In addition, in this instance there is only one possible
output state, which is also |Φ〉. Consequently, the atom–dimer scattering length aad is given by
aad = a
(e)
ad + a
(i)
ad, (A18)
where a
(e)
ad and a
(i)
ad are the elastic and inelastic scattering lengths when the three atoms are distinguishable, as we
have defined above. Thus, we can introduce a function
A(K, ε) = A(e)(K, ε) +A(i)(K, ε), (A19)
with A(e,i)(K, ε) being defined in Eqs. (A10) and (A11). Eqs. (A12), (A13), and (A18) imply
aad = lim
ε→0+
A(K = 0, ε). (A20)
Furthermore, summing Eqs. (A15) and (A16), we can directly obtain integral equations for A(K, ε) and η(3)(K, ε).
Eq. (A17) can be directly re-written as another integral equation for these two functions. Finally, similar as in Ref. [8],
we can express A(K, ε) and η(3)(K, ε) as A(K, ε) =
∑
l,mAl,m(K, ε)Y
m
l (Kˆ) and η
(3)(K, ε) =
∑
l,m η
(3)
l,m(K, ε)Y
m
l (Kˆ),
respectively, with K = |K| and Y ml being the spherical harmonic function associated with the direction of K.
Substituting these expressions into the two integral equations that we have just obtained, we obtain the equations
for the components Al,m and η
(3)
l,m. We find that the equations for different values of l and m decouple. In addition,
Eq. (A20) may be written aad = limε→0+ A0,0(K = 0, ε)/
√
4pi. Thus, to calculate aad, we only need to solve
the two integral equations for A0,0 and η
(3)
0,0. Making a simplification of notation, A0,0(K, ε)/
√
4pi → A(K, ε) and
η
(3)
0,0(K, ε)/
√
4pi → η(K, ε), we find that these two equations are just Eqs. (4) and (5) of the main text, and Eq. (A20)
can be written as in Eq. (6).
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